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The modified Jacobsthal sum x,,,,, .,q~, x(.Y”~ ” + (1) is estimated yielding a 
classification of the a in GF(q*) for which < + a is always a non-square (or a non- 
zero square) for all f(q + 1)th roots of unity i. The motivation is that this provides 
every member of a new family of projective planes constructed by M. J. Ganley. 
1. INTR~OUCTI~N 
Let F = F(q) be the finite field of order q, where q is an odd prime power. 
We denote F(q’) by F, and let E(k) be the set of kth roots of unity in F2. A 
construction (due to M. J. Ganley 141) for a class of weak nucleus semifields 
which leads to the existence of a new family of projective planes of order q’ 
depends upon the provision of an element a in F, for which al + 1 is a non- 
square for all r in E(i(q + 1)). A characterisation of such a is easily 
obtained from the following theorem proved here. 
THEOREM 1. For a (#O) in F2 let S(a) = (r + a: r E E(i(q t 1))). Then 
S(a) consists entire1.v of non-squares in F, if and only if q = 3 (mod 4) and 
a E E(q + l)\E(+(q + 1)). Further, S(a) consists entirely of squares in F2 if 
and onlv if a E E(f(q + 1)); these squares exclude 0 if and only if q = 1 
(mod 4). 
Now for any positive integer k, let #,Ja) and vk(a) be the Jacobsthal and 
modified Jacobsthal sums defined over Fz, respectively, by 
where x is the quadratic character on Fz. Then, of course, the number of 
squares or non-squares in S(a) is determined by the value of yzGqp,,(a). 
However, while general estimates for the sums (1) are available, namely, 
I h@)l G kq 
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and 
Iv!+(a)l<(k- 11% (3) 
(see, for example ]I, Section 21, 12, Section 2]), it is evident that these 
become less effective as k increases; in particular (3) is useless when 
k = 2(q - 1). It is therefore significant that we can actually prove that 
Iv%-,,@)I G 2(q - 1) v? @@W+ 1)) (4) 
and indicate why (4) cannot be improved in general. 
Since ([ 2, Theorem 2.61) 
W2kP) = vi/k(a) + #k(a)? (5) 
in order to estimate v~(~-,) it suffkes to consider ~/,-i(a) and $,-i(a). This 
we do, comparing in each case our estimates with (2) or (3). 
2. THE ESTIMATES 
First we write down a few simple preliminaries. For any 8 in F, , let e = Oq 
and put N(8) = Or!?= 8 4+1. Thus N(0) E F while 19 E E(q + 1) if and only if 
N(8) = I. More generally, observe that, if k divides q2 - I, then BE E(k) if 
and only if 6 = y (q2-1”k for some y in F,. Let 2 denote the quadratic 
character on F. The following result is trivial. 
LEMMA 2. For any 0 in F,, x(B) = i(N(B)). 
We first determine #,-i(a). 
THEOREM 3. 
i,-,(a) = 4(9 - 111 if a E E(f(q + 1)). 
=-q(q- 1). if a EE(q + l)\E($(q + 111, (6) 
= 0. otherwise. 
ProoJ We have 
4q-l(a) = x x(X+ ax). 
XEF> 
Suppose a E E(q + 1). Then -a E E(q + 1) and so a = -/I/B for some p in 
F, . Accordingly, 
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Now x E F implies X - x = 0. On the other hand, if x E F2\F, then X - x = 
-(.? - x) # 0, and so X - x E E(Z(q - 1 ))\E(q - 1) whence x(X - x) = 
-2(-l). Moreover, 
- -a E E(f(q + 1)) 
\a E %I+ l)\m(q + I)), if q- 1 (mod4), 
- hEE(+(q+ 1)X if q= 3 (mod4). 
In each case (6) follows. 
Finally, suppose that a @ E(q + 1). Then the map x + X + ax is a bijection 
ofFz and so #q-,(a)= CXEF2~(x)=0. 
We remark that, interestingly, (6) implies that when k = q - 1 and 
a E E(q + l), then the bound (2) is sharp. 
Because for any k dividing q2 - 1 we have tyL(a) = kT,(a), where 
we now investigate T,-, . 
THEOREM 4. 
More precisely, if a E E(q + l), then T,-,(a) = it-l). 
Proof: Since r{= 1 when < E E(q + 1), we deduce from Lemma 2 that 
T,-,(a)= \‘ 
I&+ 1, 
W(t) + N(a) + 111. 
where f(r) = Et + at-’ E F. We determine the range off(E(q + I)). 
Suppose a E F with f(D) = -1, where D = a2 - 4N(a). Let y E F, be such 
that y2 = D and [ be either of (a i y)/2E. Because jr= -y we have 
N(f) = (a’ - y2)/4aE = 1 while clearly f(l) = a. Thus f(r) = u has two 
solutions in E(q + 1). 
On the other hand, suppose a E F with f(D) # -1 and b (EF) is such that 
b* = D. Then f(r) = a only if r = (a + b)/2ti so that N(r) = (a f b)‘/4at$ 
this equals 1 only if D = b = 0 whence f(N(a)) =x(a) = 1 and a = *2/?/l, 
where a =p2. Conversely, if a = *2,@ and c = i/J/p, respectively, then 
<E(q+ 1) andf(r)=a. 
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Summarising, we see that I,_, is exactly determined by 
T,-,(a)= \’ (1 -f(D))f(a+N(a)+ 1) 
(IEF 
=- \‘ f(D) x”(a + N(u) + 1). 
CIEF 
Suppose a E E(q + 1). Then D = a2 - 4 and (8) implies that 
T,~,(a)=- x x^(a-2)X ‘^(a+2)=- x x^(~-2)+f(-4)=R(--I). 
UEF (1 E I.’ 
Otherwise, the cubic case of Weil’s theorem (due originally to Hasse [ 5 1) 
guarantees that (7) follows from (8). This completes the proof. 
Note that Theorem 4 yields 
ws- ,(a) < 2k - 1) \/;i? 
a distinct improvement on (3) whenever q > 7. 
COROLLARY 5. Zfa E E(q + l), then 
i” 2(,~,,(a)=~(4+~(-l)), if aEE(f(q+ 111, 
=-;(q--(-l)), if a 62 E(+(q + 1)). 
(9) 
Further, if a 6? E(q + 1), then T20_ ,, = + T, _ ,(a) and 
I T2(,- l,(a)I < ~5. (IO) 
ProoJ Follows from (5) along with Theorems 2 and 3. 
Of course (10) is equivalent to (4) while (9) indicates that, if 
a EW + 11, then Iw2(q-,,(a)I = (q - I)@ f 1). 
With regard to Theorem 1 an estimate for the number N of (say) non 
squares in S(a) follows easily from Corollary 5. For 
NE+ \’ 
IEE(,~ I)/21 
(1 -x(r + a)) = +(i(q + 1) - T,,,-,,(a) - 6). 
I-t-a 
where 6~1, if -aEE(f(q+ 1)). 
= 0, otherwise. 
Since (10) implies that 0 < N < f(q + 1) whenever a 6? E(q + 1). Theorem 1 
follows from (9). 
Finally, to test the quality of the bound (7) (and so of (10) and (4)). select 
any a in E(2(q + l))\E(q + 1) so that N(a) = -1. Then T,- ,(a) is itself a 
Jacobsthal sum-this time over F; for by (8) 
T,-,(a) = - \‘ R(a)f(a’ + 4) = -i(2) \’ f(a)f(az + 1). 
a E I,‘ UEF 
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Hence (see [3, (6.13)]), T,-,(a) = 0 when q = 3 (mod 4). On the other hand, 
when q- 1 (mod4) then by [3, (6.15)], T,-,(a)=2A, where q:=A’+ B’ 
and A is odd. In particular if q is a prime of the form m* + 4 then T,- ,(a) = 
f-2 \/(q - 4), while if q is the square of a prime congruent to 3 (mod 4), then 
T,-,(a) = k2fi. 
REFERENCES 
1. B. C. BERNDT AND R. J. EVANS. Sums of Gauss. Jacobi and Jacobsthal. J. Number 77zeor.t 
11 (1979). 349-398. 
2. B. C. BERNDT AND R. J. EVANS, Sums of Gauss, Eisenstein, Jacobi, Jacobsthal and 
Brewer, Illinois J. Math. 23 (1979), 375-437. 
3. L. CARLITZ. Pairs of quadratic equations in a finite field. Amer. J. Math. 76 (1954). 
137-153. 
4. S. D. COHEN AND GANLEY, On the construction of weak nucleus semifields. submitted for 
publication. 
5. H. HASSE. Zur Theorie der abstrakten elliptischen Functionkorper. III, J. Reine Anget>,. 
Math. 175 (1936). 193-208. 
